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On Oseen’s approximation

By W. CHESTER
Department of Mathematics, University of Bristol

(Received 22 January 1962)

An investigation is made into the validity of the Oseen equations, for incom-
pressible, viscous flow past a body, as an approximation to the Navier-Stokes
equations. It is shown that, when the body is such that a reversal of the uniform
flow at infinity merely reverses any component of the force on the body without
changing its absolute magnitude, that component can be determined correctly
to the first order in the Reynolds number, though the detailed velocity field is not
correct to this order. Moreover, this force can be deduced simply from a know-
ledge of the force on the body according to Stokes’s approximation.

The analysis is also generalized to include the magneto-hydrodynamic effects
when the fluid is conducting and the flow takes place in the presence of a magnetic
field.

1. Introduction

Since the appearance of Stokes’s approximate solution for the flow of a viscous
fluid past a sphere (Stokes 1851), numerous attempts have been made, both to
generalize the problem by changing the shape of the body, and to improve the
calculation by including the effect of the inertia terms which were neglected in
the original calculation. Oseen (1927), in particular, studied the problem exten-
sively. Using the approximation which now bears his name, he gave solutions for
the flow past various bodies at small Reynolds number (R) and calculated the
force to the first order in R, one term more than would be given by the Stokes
approximation. It is, however, generally recognized that the two approximations
are of comparable accuracy, at least in the vicinity of the body. By the inclusion of
the effect of the inertia terms, Oseen improved the flow picture far from the body
where the Stokes approximation is inadequate, but near the body the difference
between the two solutions is of an order of smallness which is outside the accuracy
of either approximation. Oseen’s calculation for the force thus requires some
further justification, and this has recently been supplied, for flow past a sphere,
by the work of Kaplun (1957) and Proudman & Pearson (1957). It appears that
although Oseen failed to calculate correctly the velocity field, his result for the
drag on the sphere, namely D = Dg(1+32R),

where Dy is the Stokes drag, is in fact valid because the correction to the velocity
field makes no contribution to the total force on the sphere.

It is the purpose of this investigation to present a general criterion for the use
of Oseen’s equations as an approximate representation of the full Navier-Stokes
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equations. For the calculation of the force to the first order in the Reynolds
number, it will be shown that the approximation is adequate provided that the
force on the body is reversed in direction without change of magnitude, when the
uniform flow at infinity isreversed. Furthermore, when this condition is satisfied,
the force on the body can be deduced, correct to the first order in R, merely from
a knowledge of the flow according to the Stokes approximation.

Because of the recent interest which has been shown in the corresponding
magneto-hydrodynamiec problem, the analysis has been generalized to include the
effect of a magnetic field, aligned at infinity with the uniform stream, on the flow
of a conducting fluid. Several special cases have been considered. On the assump-
tion that the Reynolds number and magnetic Reynolds number were negligibly
small, Chester (1957) found the drag on a sphere to be

correct to the first order in the Hartmann number. Chang (1960) generalized this
to include any body of revolution aligned with its axis parallel to the uniform
stream at infinity. Gotoh (1960a,b) considered the flow past a sphere including
the first-order effects of Reynolds number and magnetic Reynolds number by an
Oseen-type approximation. These results are special cases of a general formula
valid for any body which satisfies the criterion stated in the previous paragraph.

Brenner (1961) has anticipated the results for the solution of the classical
Oseen equations, and claims greater generality for them than is demonstrated in
the present paper. But his arguments, lacking what he calls ‘formal details of our
procedure’ do not seem to me to be convincing.

2. Mathematical formulation of the problem

We consider the steady flow of an incompressible, viscous, conducting fluid
past a three-dimensional body of finite size. At infinity the flow is uniform and
parallel to the z-axis. A magnetic field is imposed which is also uniform and
parallel to the xz-axis at infinity.

The equations to be solved are then, with the usual notation for electromagnetic
quantities (measured in M.K.S. units),

VAH =oE +uV'AH), V.H =0, VAE =0, } 21
V.V =0, p(V.V)V' = V' —ppV' AV AV )+ (V' \H')AH’, (2.1)

where V', p’, p, v denote respectively the velocity, pressure, density and kinematic
viscosity. The prime has been used here so that the same symbols without the
prime can later be used to denote non-dimensional quantities.

We assume that the body lies within a sphere of radius L and centre at the
origin of co-ordinates. The speed of the uniform stream at infinity is denoted by
U,, and the magnitude of the magnetic field at infinity is denoted by H. The
space co-ordinates can then be made non-dimensional with the factor L1, and
the dependent variables as follows,

H =HH, E =uyUHE, V' =UV, p—pp=pU,p/L. (2.2)
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Equations (2.1) then become

VAH=E_ (E+VaH), V.H=0, VAE=0, } (2.3)
V.Vv=0, RV.V)V=-Vp-Va(VAV)+ HXE+VAH)rH,
where R = U, L/v = Reynolds number,
R, = U, Luo = magnetic Reynolds number, (2.4)

M = pH, L(o/pr)} = Hartmann number,

these three parameters being essentially non-negative.

In the general problem a solution of equations (2.3) is required subject to the
relevant boundary conditions on the body and at infinity. In what follows the
nature of this solution is discussed when the three parameters defined by (2.4) are
all small compared with unity.

3. The method of solution

The arguments used are based on the theory developed by Kaplun (1957) and
applied by Proudman & Pearson (1957). For a detailed account the reader is
referred to the above papers; here the discussion is restricted to a less formal
summary of those aspects which are directly relevant to the present problem.

The Kaplun theory was, in fact, developed to deal with the difficulties asso-
ciated with the approximate solution of equations such as (2.3). It has long been
recognized that a straightforward perturbation approach breaks down, the
reason being that in different regions of the flow, different terms of the equations
are dominant. For example, in the classical Stokes solution for flow past a sphere
(with R = R,, = M = 0), the term V A (VA V) in the equation of motion is O(r—3),
when the radial co-ordinate r is large. But this solution is based on the neglect of
the inertia term R(V.V)V which is merely O(Rr—2). Thus if Rr is of order one or
larger, the Stokes solution must fail, and although it satisfies the boundary
condition at infinity, it does not give a reliable picture of the flow at large
distances. In any case the fact that it does satisfy the boundary condition is
exceptional, one finds that a higher approximation which satisfies all the boundary
conditions cannot be found.

On the other hand, the Oseen approximation, based on a perturbation about
the uniform flow at infinity, does give a uniformly valid zero-order approximation.
For this is a good approximation to the flow at large distances, and is no worse
than the Stokes approximation near the body, at least to zero order in . However
such an approach does not improve the Stokes solution near the body; as far as
higher approximations are concerned the boundary condition of zero velocity at
the body is not consistent with linearization about a uniform stream. In short
the Stokes solution is adequate for the crudest approximation to the flow near
the body, but higher approximations require a more careful investigation of the
flow at Jarge distances, in order that the boundary conditions there shall be
satisfied to the required accuracy.

To overcome the difficulty, two approximations are obtained, an inner solution
which satisfies the boundary conditions onthe body, and an outer solution which
satisfies the boundary conditions at infinity. Thus neither solution is required to
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satisfy all the conditions, and to determine them completely it is assumed that
both solutions are valid in some region where they overlap, and can hence be
matched there to the appropriate degree of accuracy.

For the problem formulated in the previous paragraph, the inner solution will

be of the form V=v,+vi+..,
P =PotP1+-s (3 1)
H=hy+h+.., ‘
E — e0+e1+....

The leading terms, equivalent to the Stokes solution, satisfy the equations
Vahy =0, V.hy =0, Vae,=0, V.(ej+Vyahy) = O,}
Vovg=0, —Vp,—Va(Vavy) =0.

Note that the equation V. (e, +vya hy) = 0, which is a consequence of the first
of equations (2.3), is required to make the approximation consistent. 1t deter-
mines the field e,, which only appears when V. (v,ah,) is different from zero.

The next approximation is obtained from (2.3) by retaining terms of the first
order in R and R,, (there is no term of order M) and substituting therein the
Stokes solution. The resulting equations are
Vah, =R, (ej+vyahy), V.h;=0, Vae; =0, V.(e;+v,ah,+vyah)) = O,}

Vovi=0, R(v,.V)vy=—-Vp,—VaA(Vav)).

(3.2)

(3.3)

Note that the equations for v, and v, are independent of the electromagnetic
field, and although the latter field, together with its continuation inside the body,
must satisfy the usual continuity conditions at the surface of the body, it is not
necessary to consider this explicitly as far as the volocity is concerned.

The Stokes solution has the following property; if the uniform streaming
motion at infinity is reversed in direction, the appropriate solution is

—Vo» —Po By, —e,
In general, the next approximation does not have this simple property, and if we
writev, = v_+V,,p; = p,+ p,for theoriginalsolution,and (- v, +v,),(—p, +2,)
when the flow at infinity is reversed, it follows from (3.3) that
Vov,=0, B(vy,.V)vo=-~Vp,—~Va (VAVa),}
V.v, =0, 0=—Vp,-Va(Vav,).
In other words, v, is also a solution of Stokes’s equations, though v, is not. The
result will be required in the subsequent analysis.
Consider now the outer solution. The leading terms are a uniform streaming

motion and a uniform magnetic field; the next approximation is obtained from
a perturbation of this solution giving

(3.4)

V=i+V,+..,
p= P+.., (3.5)
H=i+H +.., )

E= E+..,
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where i is a unit vector parallel to the xz-axis and

VAH; = R, (E;+V;Ai+iaH;), V.H, =0, VAE, =0, } (3.6)
V.V;=0, ROV,jox=—VP—-VAa(VaV)+M*E,+VAai+iaH,)ai. '
As already stated, the inner and outer solutions are finally determined by

matching to an appropriate degree of accuracy in a common region of overlap.

For our purpose it is sufficient to compare the inner solution with the approxima-

tion to the outer solution to the first order in R, B, and M. It will be shown that
this approximation takes the form

V=V,+V,+V, (3.7)

where V,, V. and V, are to be matched respectively with v,, v, and v,. The
matching of V,and v, gives the usual Stokes inner solution. The expression for V,,
is particularly simple. Explicitly

Vo = (v/16mprLU,) {Fozi+ §Fy, j + 3F0, K}, (3.8)
where i, j, k are unit vectors parallel to the co-ordinate axes, F is the force on the
body according to Stokes approximation, and
_ R*-—RR,+2M*

(BB, + 43

= R, M? < RR,,. (3.9)

0% M?> RR,

Thus v, is a solution of Stokes’s equationswhich tends to a uniform flow at large
distances from the body. If the Stokes solutions which tend to i, j and k respec-
tively are known, say v,, Vg, Vg, then v, is given by

Ve = (Y/IGWPVLUGJ) {FO:I:V0+ %E)yv(,)+ %F'OZVS . (310)

There does not seem to be a simple result for v,, and the complete velocity field
cannot be given with such generality. If, however, the body is such that a
reversal of the flow at infinity reverses the force on the body without change of
magnitude, then there is clearly no net contribution to the force from the velocity
field v,. For such a body the force is given by

F=F0+(Y/167TPVLUOO){E)1F0+%E)yF(l)+%ﬁBZ g}’ (311)

where F,, F;, Fy are the forces on the body associated with the velocity fields
Vo, Vg, Vo Iespectively.
A simple example is the drag on a sphere of radius L, first calculated by Gotoh

(1960a), D = 6mprLU,4(1 + 3y).

There are many other solutions in the literature, for example, the ellipsoid at
incidence, (Oseen 1927), all of which are consistent with (3.11).

For bodies of more general shape, (3.11) is correct for any component of the
force which merely changes its sign without change of magnitude in reverse flow.
It can be used, for example, to determine the drag on a body which has fore-
and-aft symmetry.

36 Fluid Mech. 13
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4, The details of the Oseen solution

To verify the results described above, the general solution of equation (3.6)

is required. These equations imply that
V.H =0, V.V,=0, —-V2H, =R, (V,—H,)/ox,

ov, M 9 M2oH,
R—a——-——V(P-i-—-H )+VV1+R;—8—:L'—

A particular consequence of (4.1) is that

VP + (M3 R,)H,.i} = 0.
Thus we put P+ (M?R,)H,.i = oy/ox,
where Vi = 0.
We may then deduce from (4.1) that

VHR,, V1 + fH,} = 0{R,(R—B) V, + (BR,,— M*)H, + R, V{}[ox
for any constant f#. If in particular
B = (BR,,— M*)[(R—p),
which gives the two possible values
Pr=0o—R,, fy=—(+R,),
where 20, = {(BR—R,)2+4 M2} + (R+ Rm),}
20, = {(R—R,)2+4M?} — (R+R,),
then (4.1) and (4.5) imply that
VS, = «, 08,/ox, V23S, = —a,08,/0x, V.S;,=0, V.S,=0,

where R,S,=R,V,—(a,+R,)H, + (Rm/al) V’ﬁ’}
RmS2=RmV1+( —R,)H,— (B, [a,) VY,
or H, = R, (S, “1sl+“2sz.
oty + oty oyt

The general solutions of equatlons (4.9) are of the form

S, = en={Vg, + Vxuad), S, = e=s={Vey+ Vxoa),
where (VEB+a,0/0x) dy, 01 =0, (VE—0,0/0%) g, Xo = O.

(4.1)

(4.2)
(4.3)
(4.4)

(4.9)

(4.10)

(4.11)

(4.12)
(4.13)

For ex12V¢, is certainly a possible solution for S;, and this may be taken to include
the most general expression for the z-component of S,. The most general solution
is then obtained by adding a vector with zero #-component, and which satisfies
the appropriate equations (4.9). The continuity equation implies that such a
vector is of the form Vy, A1, and the equation satisfied by x, then follows from the

first of equations (4.9).

The form of the expansions for ¢,, @,, x;, ¥, which satisfy (4.13) will depend
on the signs of &, and «,. Itis clear from (4.8) that «; cannot be negative, though
a, may be positive or negative. We assume first that both «, and a, are positive.
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It is convenient to begin with the expansion for ¢. By (4.4) this is a harmonic
function, and (4.3) implies that 9y/ox is regular outside the body since both F,
and H, .i must be regular. It is not, however, possible to deduce that ¢ itself is
regular. It was first shown by Goldstein (1931) that such an assumption is too
restrictive as far as the general solution of the classical Oseen equation is con-
cerned, and the arguments used by Goldstein can be extended to deal with the
present situation.

Since 0y/dz is a regular harmonic function outside the body, the general
expression for this derivative may be written in the form

E E‘, p™(L,,cosnb + L, sinnf) (E)p (—1— «a—)n (1) (4.14)
n=0p=0 e s ax p ap r ' '
Here (z,p,0) are cylindrical polar co-ordinates, and r is the radial co-ordinate
measuring the distance from the origin. Hence r—! represents the fundamental
solution of Laplace’s equation which is regular at infinity. The rational harmonics
of negative degree can all be represented as linear combinations of the terms in
(4.14). This representation is used, rather than the more conventional expression
involving orthogonal functions, because of its advantage in the subsequent
development of the complete solution.
A possible expression for i, having an xz-derivative of the form (4.14), is

Yr=— E p*(K, cosnt + K, sinnb) (lai;)nlog (r—x)
n="0

=) S , 1 a
nzopgopn(lxm, cosnf+ K, 51nn0)( x) (p 8p) (;) (4.15)

Although the first series is not regular along the positive x-axis, there is no
reason to reject it unless the behaviour persists in the expressions for the physical
variables. By (4.11), the contributions from ¥ to the x-components of both V,
and H, are regular, hence the same must be true of the contributions from S,
and S,. It follows from (4.12) that both 9¢,/0x and 9¢,/9x must be regular. Now
regular solutions of the two equations (4.13) can be written in the form (4.14)
with r—1 replaced by e3x(r2/r and e-3=r-2[r respectively. It follows that
general expressions for ¢, and ¢, may be written in the form

148

+

148

dr=—3 p™d,cosnd+ A4, smnﬁ)( 19 )nfw e_—sds
¥

n=0 aP oy (r+) 8

© ® . 2\? (1 9 \"exp[— 3a,(r+z)]
n 4 — ——— 4,16
+n§0p§0p (4,,cosnb+ 4,,sinnb) (895) (p 8p) , , ( )

o0 n (v o) —8
Py = Zp (B, cosnb+ B, smn@)( 8) f € ds
b1

n=0 p oglr—a) s

. 9\? (1 0\mexp[—ia,(r—2a)]

n , =) |=-= . (417

+n§0 pz=‘,0 P™(By,cosnt + B, sin nb) ( Bx) (p 8p) . ( )

Finally ¥, and y, must be expressed as regular solutions of (4.13) with the

addition of appropriate singular solutions which render the remaining com-

ponents of V, and H, regular. This is possible provided that K, = 0. It then
36-2
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follows that 4, = B, = 0, for otherwise the relevant terms in ¢, and ¢, would
imply an infinite flux across planes z = const.
It may be verified that appropriate expressions for y, and x, are

[e o] e—S
f —ds
Yarr—o S

X TS (K, cosnd— K smn(?)(l a)n
A pop

+ % (A, cosnd—A s1nn6)( 19 )n on gjds
=1 pop b rya) 8
0 = o (8\P (1 9\ mexp[—}aylr+a)]

3 on R N 1
+n20p:0p (Cppcosnb +C, . sinnb) (ax) (p 8,0) , , (4.18)
g2 © 1 9\~ 0

K, cosnf — K, sinnf ( ) [f ~—ds+210 ]
Xe = Oy nz—:'lp ( ) ap Yogr4a) S 8P
10\7 [ e
— V pM(B, cosnl—B smnﬁ)( ) f ads
n=1 P ap bor—z) S
S, . 0 1 2 \mexp [ —day(r—2)]
— ;OP)_JOp (Dypcosnll + D, sinnb) (ax) (p ap) ; . (4.19)

In the strict application of the Kaplun theory, only the leading terms of the
above expressions would be retained to give the outer solution, but the reasoning
is perhaps easier to follow if the complete solution of Oseen’s equations is retained.
Foritisclearthatsuch asolutionmust reduce to a solution of Stokes’s equations in
the limit as R, R, and M all tend to zero, and this implies certain conditions on the
orders of magnitude of the coefficients appearing in (4.15)-(4.19). If P,, V;and H;
are all to be O(1) in the limit as R, R, and M — 0, it follows that

A=b-aja, B=b+aa,, C= C'“ld’} (4.20)

D=c+ayd, K=-a+(x0:k)/R,,

where a, b, ¢, d and k are all O(1). Here A represents one of the coefficients A4,,
4,,, A,, 4;,, and similarly for B, C, D, K. The detailed array of coefﬁments
represented by a, b, ¢, d and k have suffices and primes appended to agree with
the left-hand sides of equations (4.20).

The results so far obtained now enable approximate expressions to be calcu-
lated for the outer solution when R, R,, and M are small. The algebra is tedious
but straightforward, and we simply quote the final expression for the velocity.
When relations (4.15)-(4.20) are substituted in (4.11) and the appropriate
approximations carried out, the result can be expressed in the form

i+V,=V,+V_+V, +O0(R*+ R2, + M?). (4.21)

The first term is O(1). In it the coefficients a, b, ¢, d and k appear linearly, and
R, R,, M, o, and o, do not occur explicitly. The second and third terms are of

the form V, = —[{oad + af+ R, (g — o))}/ (g + 20) 1 {3 9o 1 + 30, § + Bas K}

= ~y{lagi+ oy j + Jar Kk}, (4.22)
where y = (R2—RR,,+2M*)[{(R—R,)?+4M%}; (4.23)
V,=(R+R,)V,, (4.24)
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where V_ also depends linearly on the coefficients a, b, ¢,d and k but not explicitly
on the parameters R, B, , M, a, and o,.

Matching between the inner and outer solution is now possible with the help
of the approximate expression (4.21). One first obtains an inner solution v,
satisfying the boundary conditions on the body. This solution is to match at
large distances from the body with the uniform field i, which is the leading term
of the outer solution, and gives the usual velocity field according to Stokes’s
approximation. The next term of the outer solution is then determined by
choosing the coefficients in the general solution for V, so that its approximation
V, matches with v,. Because the complete Oseen solution has been used in the
previous analysis, V, is itself a general solution of Stokes’s equation, and the
matching at this stage then consists of identifying V, with v,. Thus when the
Stokes flow v, is known, it is possible to deduce the Oseen solution V;; for our
purpose it is sufficient to note that the terms V, and V, are now given. The
procedure continues by calculating the next term v, of the inner solution so that,
at large distances from the body, it matches with (V,+V,). According to the
argument which led to (3.4), v, is itself regarded as the sum of two components,
v, and v,. That these components should match separately with the V, and V,
appearing in (4.21) can be seen by consideration of the outer solution when the
flow at infinity is reversed. If in such a flow we write

V=-i-V,+..,,
p= —Bt., (4.25)
H= i+H,+..,
E= -E,+..,

by analogy with (3.5), then V,,, B,, H;, and E,, are seen to satisfy equations
equivalent to (3.6) but with a formal change in the sign of R and E,,. By (4.8) this
is equivalent to interchanging a, and a,, and general solutions for the reversed
flow field can be written down using these modifications in (4.11)—(4.20). But
without further calculation, the approximation to the outer flow field, corre-
sponding to (4.21), is now seen to be
—i-V,=-V—V_+V_+O(R?+R% + M?). (4.26)
For the first term must differ from (4.21) only by a change of sign, since it
reduces to Stokes’s solution which has this property. This determines V_and V,
and implies one change of sign in both since in (4.21) all three terms depend
linearly on the coefficients a, b, ¢, d and k. One further change of sign in V_ (but
not in V) arises from the change in sign of the factor (E+ R,,).
An expression for v, can now be written down in terms of the velocity fields
Vg, Vo, Vo, which satisfy Stokes’s equations and tend to i, j and Kk respectively at
large distances from the body. The appropriate expression, which matches with

(4.22) is clearly Vg = — {100 Vo + §01 Vo + §a1 Vo} (4.27)
and the results anticipated in §3 follow provided that ay, @, and a; can be

suitably related to the force on the body according to Stokes’s approximate
solution. It isshown in the appendix that, if F, is this force, then

(a'003 Ay, a/i) = - (1/47Tpl’LUoo) (-E).z:’ Fﬂy’ 'E)z) (4'28)
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Thus, finally,
Vv, = (7[16mpvLU,) {Fy, Vo + $Fy, Vo + §Fp, Vo). (4.29)

There remains the case a, < 0. Here the general solutions for ¢, and y,, as
expressed in (4.17) and (4.19), are not valid and must be replaced by expansions
of the form

© , 1 0\ [ e—8
¢y =— 3 pYB, cosnl+ B, sinnd) |- —ds

n=1 P ap Soa(r+a) s
© ® .. 0\? (1 0\"exp [Jay(r+x)]
3 on 2y (2 2) R TR
+ n§0 p:Op (B,pcosnb + B, ,sin n6) (Bx) (p Bp) . ,  (4.30)
Xo = _ent E} p(K, cosnl)— K s1nn0)( a)nfw e——sds
’ X2 n=1 0p) J yasra) 8
+ E p™(B, cosnt—B s1nnt9)( 12 )nfw gds
pop Jasrta) S
© ® ;. 0 1 0\"exp [a,(r+x)]
3 n
+ P2 onp (D,p cosnb + D, sin nd) (Bx) (p Bp) . . (4.31)

General expressions for i, ¢, and x; are given, as before, by (4.15), (4¢.16) and
(4.18). The definitions of a,b, ¢, d and k, as given by (4.20), can be taken over
without modification. The solutions for reversed flow are then obtained by a
formal change in the sign of x throughout. The final result of the corresponding
calculations is to give an approximate expression for the outer flow similar to
(4.21) but with v = R in the definition of V_, as reported in (3.9).

5. Comments

That the force on the body is indeed given by (3.11) can be verified directly by
carrying through the analysis of the appendix in greater detail, but when v, is
ignored the velocity field near the body is simply a modified Stokes solution, and
the pressure and forces are clearly modified correspondingly. The Maxwell stress
tensor does not explicitly contribute since, by (2.3), it is derived from a body
force which is O(M?) near the body and so is not sensible to the first order in M.

The change in form of the relation for v when M2 = RE,, corresponds to a
qualitative change in the flow picture. When o, > 0, the vorticity is exponentially
small everywhere at large distances save in two parabolic regions where o, (r — )
and a,(r +x) are not large, these regions lying on either side of the body. But
when a, < 0, the corresponding regions are those for which «, (7 — ) and — o,(r — )
are not large, both lying on the downstream side of the body. For the critical
case a, = 0, which includes the classical Oseen solution, there is only one such
region. In this case ¢, and y, reduce to potential functions, in general having
singularities along the x-axis. Physically speaking, the change-over marks the
transition beyond which the disturbances associated with magneto-hydro-
dynamic effects cannot propagate upstream. With the Oseen approximation, the
Alfven speed of such disturbances is U, M/(RR,,)}, and the qualitative picture
of the flow changes abruptly according as this speed is greater or less than the
convective speed (U,,) of the fluid. The disappearance of appreciable vorticity in



On Oseen’s approximation 567

the parabolic region ahead of the body corresponds to a situation in which the
disturbances associated with the magneto-hydrodynamic effects can no longer
propagate upstream.

When R and R, are negligible, v = M and certain conditions can be relaxed.
There are no restrictions on the shape of the body, for v, = 0 and reversal of flow
will always produce reversal of force, whatever the shape. The uniform flow at
infinity need not be parallel to the magnetic field, since this property was only
used in the Oseen-type approximation to include the effects of B and R,,. The use
of inner and outer expansions is in fact not essential here. If the magnetic field
is equal to i at infinity, then a composite solution will satisfy the equations

V.(E+Vai)=0, VAE=0, }

5.1
V.V=0, 0==Vp—Va(VAV)+M*E+Vai). (1)

For the magnetic field is adequately represented at large distances, and the fact
that its representation may not be accurate near the body is of no consequence to
the first order in M, since the body force is negligible to this order near the body.
The convective terms, which are O(R), are majorized uniformly by the body
force when R is negligible, and so can be neglected even in the outer solution.

The analysis is easily adapted to the situation in which the uniform flow at
infinity is in an arbitrary direction, and (3.11) requires only a slight modification
to give the force. Let F,, F,, F{ be defined as in (3.11), and let Fg be the force on
the body in the actual flow according to Stokes’s approximation. Then

F = Fs+ (M /16mpvLU,) {F,, Fo + 3 F,, Fo + 3F,, Fo} + O(M?). (5.2)

For example, the drag on a sphere of radius L when moving parallel to the
magnetic field is given by 6mpvLU,(1+3M) (Chester 1957). When moving
perpendicular to the magnetic field the drag is 6mprLU,(1 + M) (Gotoh 1960b).

This paper is an expanded version of a lecture to the British Theoretical
Mechanics Colloquium in April 1961.

Appendix

With the help of the continuity equations for V' and H’, the momentum
equation in (2.1) may be written in the form divs’ = 0, where ¢’ is the sym-
metrical tensor given by

Vv, oV;

, : av;
Ty = —D'0+pv 5:1:—;--'- 5,

)~ bS8 WHLH =V T (A

and §;; is the unit tensor. Thus, by the divergence theorem,

ﬁ r’.ndS':—_ff ¥ .nds, (A.2)
Body 4

where X’ is some surface surrounding the body, and n is the unit outward normal.
The integral over the body is just the force on the body. For the first two terms
in %’ are the usual contributions to the stress tensor, the terms involving H’ come
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from the Maxwell stress tensor and the last term gives no contribution since
V'’ = 0 on the body. Equation (A. 2) is then equivalent to

Force on body = — ff (p' +3pH'?)+pvna(VAV)—p(H .n)H’
-
+p(V'.n)V'1dS’. (A.3)

For the purpose of deriving (4.28) it is sufficient to calculate the force according
to the first term of the inner solution. This can equally well be obtained from a
calculation using the outer solution, by discarding all but the leading terms in the
final expression for the force. Thus, to a sufficient order of accuracy,

Force on body M2 .
LU, 'HE [n{P1+§En(l+H1)-(l+H1)} +nA(VaAVy)

~ (G H). 0} i Hp+ R+ V) n i+ V] 48 (4.

and the terms
—(M?*R,){(i+H,).n}i+R{({i+V,).n}

can be omitted from the integrand since they give zero contribution to the
integral by continuity.

The surface X is chosen to be a large cylinder enclosing the body, whose ends lie
in the planes S, and S_ defined by « = positive constant, # = negative constant
respectively. Then the only sensible contributions to the integral, in the limit as
the dimensions of X all tend to infinity, are from

UL]S H _dS}{ (P +M2H 1)+1A(VAV )—%{;—H1+RV} (A.5)

(], 5, ) s B

— T T e, 1+ R’"e“ﬂi/\Vxlx+g—~§’—"e—“zziAVx2x}, (A.6)

0y + Xy O+t 0y + &y

where equations (4.3), (4.11), (4.12) and (4.13) have been used.

The component in the z-direction arises from the terms in ¢, and ¢, which are
independent of 6. With the help of (4.16) and (4.17) or (4.30) one gets for
this component

U f S+ 45- f f 48 } {alozl ta, )é] €% (a%)”“ exp[— %:cl(r +)]

~loat Ba) § pyene( 2 o (1070 (a)

A+ %y p—o

In the last term the upper sign is taken for o, > 0, and the lower sign for z, < 0.
The integrals can be evaluated with the help of the following result. For « > 0

e—ar exp[ OL(.’IJ2+P )%]Pdp f‘)lr —alz
J‘J‘ IS = f r ~e I (A.8)
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Substitution in (A. 7) gives

m a\r+t —a 2+R —a, o \ptt a
— 4 { EA. (%) A A EB e Zz(éa) sz}

a oy g N+ p

4
T S {(on— Ry Aoy~ )" + (0 + B,) By i+ (A.9)
1 2 D

In the limit as R, R,, and M — 0, this gives — 47ra,,, as is readily inferred with the
help of (4.20). Thus By |pvLU, = — 47ay,, (A.10)

The contributions to the other components of (A.6) arise only from those
terms which have singularities on the z-axis. The y-component, for example,
reduces to

02 10
2 iy z
{JL+dS ” _dS} {(chos 08 2+lesm @ 3 )log(r )

e o] -8
_a—&, (K sin' 0 +K coszﬁ—ﬁ)f £ ds

ay +ay ap Yaylr—a) S
0 —8
+M K, sin%6— i cosz¢9~E f °as (A.11)
o+t op 2t PO +haslria) S

o f, ollEentd
= —1T. —_
! 0(x>o>p P 0(9:<0)p P ap? pap

{log(r z) - R’"fw fdsi"iffﬂfw e—_fds} (A.12)
A+ oy Sy S ay+a% Jitaeia S

= 47 K,. (A.13)

By (4.20), the limiting value of X, is —a; and so
K, lovLU,, = —47a,. (A.14)

Similarly, one can show that
F,|pvLU,, = —4ma; (A.15)
as required in (4.28).
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